Abstract-In this paper, the variation of a signal in Schwarzschild spacetime is studied and a general equation for frequency shift parameter (FSP) is presented. It shows that FSP depends on the gravitationally-modified Doppler effects and the gravitational effects of observers. In addition, rates of time of a transmitter and a receiver may be different. When FSP is a function of the time of a receiver, FSP contributed by gravitational effect (GFSP) or gravitationally-modified Doppler effect (GMDFSP) may lead a bandlimited signal to a nonbandlimited signal. Based on the equation, FSP as a function of the time of a receiver is calculated for three scenarios: a) a spaceship moves away from a star with a constant velocity communicating with a transmitter at a fixed position; b) a spaceship moves around a star with different conic trajectories communicating with a transmitter at a fixed position; c) a signal is transmitted at a fixed position in a star system to a receiver moving with an elliptical trajectory in another star system. The studied stars are sun-like star, white dwarf and neutron star, and some numerical examples are presented to illustrate the theory.
will change not only because of Doppler effect but also because of the gravitational effect based on general relativity. Einstein field equations of general relativity were proposed in 1915 [10] , and soon Schwarzschild proposed the first solution for Einstein field equations in the next year, called Schwarzschild metric [11] , [12] , which describes the curved spacetime around a static space object (e.g., a star) with spherical symmetry. Schwarzschild metric predicts that when an electromagnetic wave with a certain frequency at a position propagates to another position, the frequency changes as long as the gravities at the two positions are unequal. If the gravity at the latter is bigger (smaller) than that at the former, the rate of time [13] of the latter is smaller (bigger) and the frequency blue (red) shifts. These phenomena have already been proven by a series of experiments [14] [15] [16] [17] , and have been taken into account for designing Global Positioning System (GPS) [18] .
For wireless communications near the earth, Doppler effect plays a great role when there is a relative movement between a transmitter and a receiver. Doppler frequency varies according to the velocity of the relative movement and the initial frequency. The spectrum of a signal varies accordingly and becomes complicated when there is an acceleration and even more complicated when the acceleration is time varying. The variation of frequency by gravitational effect is also based on the initial frequency, but does not necessarily depend on the relative velocity. Even if the relative velocity is zero, frequency changes as long as the gravities at the positions of a transmitter and a receiver are different. Gravitational effect has merely been taken into account (except for GPS) as the gravitation of Earth is not great enough to noticeably affect the spectrum of a signal. However, gravitational effect becomes much more important for deep space communications since it may involve not only Earth but also the sun, white dwarf, neutron star or other space objects with large mass. For wireless communications in such an environment, we will see that Doppler effect should be modified and gravitational effect is important.
In this paper, gravitational effect on a signal is studied based on Schwarzschild metric of general relativity. The studied stars are sun-like star, white dwarf and neutron star and three different scenarios are considered: a) a spaceship moves away from a star with a constant velocity communicating with a transmitter at a fixed position; b) a spaceship moves around a star with different conic trajectories communicating with a transmitter at a fixed position; c) a signal is transmitted from a star system to another star system where the receiver is in an elliptical trajectory. The studies in this paper may help to better understand the signal models for deep space communications. This paper is organized as follows. In Section II, a general equation for frequency shift parameter (FSP) in Schwarzshild spacetime is presented. In Section III, based on the general equation developed in Section II, the behaviors of a signal traveling in Schwarzschild spacetime are studied for the three scenarios a), b) and c) as described above. In Section IV, numerical examples for the three scenarios are presented. In Section V, we conclude this paper.
Some notations used in this paper are presented as follows [19] , [20] :
T : time coordinate or Newtonian time or time of a static observer at the infinity in Schwarzschild spacetime or time of a static observer in Minkowski spacetime.
t: time of a static observer at r in Schwarzschild spacetime. τ : time of a moving observer at r in Schwarzschild spacetime. dT ⊗ dT : a coordinate basis tensor which is the tensor product of dT and dT and a bi-linear operator on a vector space, i.e., dT ⊗dT 
g: Schwarzshild metric in Schwarzshild spacetime which is a bi-linear operator on a vector space and can be represented by a set of coordinate basis tensors (see (1) in the following).
g mn : the (m, n)th component of the Shwarzshild metric tensor matrix g.
If it is positive, V is a spacelike vector; if it is negative, V is a time-like vector; if it is zero, V is a light-like vector and vice versa. It should be noted that a time-like vector may have space coordinate components and a space-like vector may have a time coordinate component. g (V, V) = 1: V is a unit space-like vector. g (V, V) = −1: V is a unit time-like vector. h: Minkowski metric in Minkowski spacetime (also called flat spacetime) which is a bi-linear operator on a vector space and can be represented by a set of coordinate basis tensors (see (15) in the following).
II. SCHWARZCHILD SPACTIME AND ITS FREQUENCY SHIFT
In Newtonian mechanics, the world is described by three dimensional space and one dimensional time with a fixed rate of time for all observers. Time and space are treated separately. A signal is a function of this time and its spectrum changes according to Doppler equation. In special relativity, the world is described by four dimensional Minkowski spacetime where a moving observer's own time has relation with the observer's velocity and thus time and space are mixed together. Rates of time are equal for all static observers but are different from moving observers' rates of time. A signal is a function of its observer's own time determined by the observer' velocity and its spectrum changes according to the special relativity version of Doppler equation. In general relativity, the world is also described by four dimensional spacetime where time and space are mixed together as well but further take into account of gravitational effect. Rates of time may be not equal for static observers at different positions. A signal is a function of its observer's own time determined by the observer's velocity and position. Doppler equation should be further modified as we shall see later, and gravitational effect should be considered in calculating the change of its spectrum. Therefore, it is more complex and we will derive them next.
Schwarzschild spacetime is one solution of Einstein field equations in general relativity and describes space and time around a static object with spherical symmetry. Schwarzschild spacetime is characterized by Schwarzschild metric as follows [11] , [12] , [19] , [20] :
where G is the gravitational constant, c represents the speed of light, M denotes the mass of the static object with spherical symmetry (sun, white dwarf and neutron star are regarded as static and spherically symmetric even though they may be neither static nor perfectly spherically symmetric) and {r, θ, φ} are the spherical coordinates of the reference frame whose origin is the center of the object. For simplicity, we also denote g = (g mn ) 0≤m,n≤3 and α 2GM/c 2 . In general, α is smaller than r, otherwise it is a black hole that is not discussed in this paper. Therefore, g 00 < 0, g nn > 0 for n = 1, 2, 3 and g mn = 0 for m = n, which is the reason why the squared length (weighted with weights g mn ) g(V, V) of a vector V can be zero and even negative.
From (1), the unit vectors of four coordinates in Schwarzschild spacetime can be obtained. It should be noted that a unit time-like vector V satisfies g (V, V) = −1 and a unit space-like vector V satisfies g (V, V) = 1. One unit time coordinate vector and three unit space coordinate vectors are, respectively, presented as follows:
Note that, T is not only time coordinate but also represents the time at the infinity where there is no gravitation (or Newtonian time that does not take into account of the influence of gravitation). The vector Z is just the unit vector of a static observer's time direction at r and the observer measures the time based on it, and t is the time of the observer. The dual vector of Z is
and from the dual vector, according to [19] , we can obtain:
where the relation between dt and dT is dependent of r. It shows that if the rate of time at the infinity (or the rate of Newtonian time) is 1, the rate of time at r is relatively (1 − α/r) 1 2 . Therefore, rates of time are different at different r, and the bigger r is, the bigger rate of time is.
It is known that an electromagnetic wave is described by two parts separately: an angular frequency ω and a spatial wave vector k. In Schwarzschild spacetime, the two parts are combined together into a four dimensional wave vector [20] :
where k is a space-like vector and its time coordinate component is zero. In the geometrical optics approximation, K is a light-like vector [20] , i.e, g(K, K) = 0. Z is a unit time-like vector without space coordinate component, i.e., g(Z, Z) = −1 and k is a space-like vector without time coordinate component, i.e., g(Z, k) = 0. Thus, it is not hard to obtain:
When two static observers are at different positions, say {r 1 , r 2 }, and the first observer at r 1 transmits an electromagnetic wave with angular frequency ω 1 to the second observer, frequency ω 2 of the received wave at r 2 obeys the following equation [20] :
It can be seen from (5) that angular frequency ω is actually the projection value after projecting K along Z, i.e., the unit vector of a static observer's time direction. Therefore, if the electromagnetic wave vector transmitted by a static observer at r 1 is
then, the electromagnetic wave vector received by a static observer at r 2 is
where Z ri and k ri are unit time coordinate vector and spatial wave vector for the static observer at r i for i = 1, 2, respectively. In addition, from (4) and (7), it can be seen:
where t i is the time of the static observer at r i for i = 1, 2. Therefore, angular frequency ω is inversely proportional to rate of time if two observers are static. Obviously, if r 2 > r 1 , the frequency red shifts and if r 1 < r 2 , the frequency blue shifts. Now, consider that a new observer at r 2 is not static but with four dimensional velocity (also called 4-velocity [20] ): where
is the spatial velocity of the new observer in Schwarzschild spacetime and is a space-like vector without time coordinate component. The second equality in (12) is according to (4) with r = r 2 and t = t 2 . Let
2 , which is the magnitude of the spatial velocity u g at r 2 in Schwarzschild spacetime [20] . Then,
where the term (1 − α/r 2 ) −1 in the first equality is g 11 from g.
It should be noted that U is the unit vector of the new observer's time direction. The new observer measures the time based on U and τ is the time of the new observer. To be more explicit, two examples are illustrated in Fig. 1 . The coordinates in Fig. 1 are combinations of three dimensional space and one dimensional time into four dimensional spacetime (only two dimensions are depicted for simplicity). A curve C(τ ) in the coordinates is time vs. space and called an observer's world line which is parametrized by τ or characterized by tangent vector 1 c ∂ ∂τ . A time-like curve means that every tangent vector of the curve is a unit time-like vector [19] . Since every observer should not be faster than light, every world line of an observer is a time-like curve, τ is precisely the time of the observer along the curve and 1 c ∂ ∂τ is like a ruler for the observer to measure the time. In sub-figure (a), an observer at r 2 is static, the tangent vector of every position on the curve is 1 c ∂ ∂t2 , and thus the observer's time is t 2 . In sub-figure (b), an observer is moving with different velocities at different positions and its tangent vector is changing all the time, but at every position of its world line, it measures the time along the curve using the tangent vector as a ruler. Since the 4-velocity U is a unit time-like vector, i.e., g(U, U) = −1, Z r2 is a unit time-like vector without space coordinate component, and u g is a space-like vector without time coordinate component, we have g(Z r2 , Z r2 ) = −1 and g(Z r2 , u g ) = 0. Then, it is not hard to obtain:
For the comparison purpose, in special relativity, the four dimensional spacetime is Minkowski spacetime. The metric characterizing the Minkowski spacetime is Minkowski metric (also called flat metric) [20] :
and let u h be the spatial velocity in Minkowski spacetime. Then,
and the magnitude u h of the spatial velocity u h in Minkowski spacetime can be calculated:
It can be seen from (12) and (16) that one difference of the spatial velocities in the two spacetimes is that Newtonian time T (a static observer's time at r 2 in Minkowski spacetime) in (16) is just replaced by time t 2 (a static observer's time at r 2 in Schwarzschild spacetime) in (12), though they share the same direction. Another difference is in the magnitudes of the spatial velocities in the two spacetimes. By comparing (13) and (17), there is one more coefficient (1 − α/r 2 ) −1 in the first equality of (13) which is derived from g 11 in g, in addition to the time difference of T and t 2 .
According to (14) , and (4) with r = r 2 and t = t 2 , we have
Since the frequency ω 2 at r 2 for the new observer is the component of its own time direction, it is needed to project K r2 along U, i.e., the unit vector of the new observer's time direction, and the projection value is
where ω 2 is the frequency for a static observer at r 2 who shares the same K r2 with the moving observer at r 2 but has different time direction, and
). The second equality in (19) is according to (9) , (11) and (14), the second last equality is according to (6) with k = k r2 , and the last equality is according to (7) . We denote
and β is called frequency shift parameter (FSP) and is independent of angular frequency ω 1 . Thus, the frequency ω 2 at r 2 of the moving observer in terms of the signal frequency ω 1 of the transmitter is
It is not hard to see that FSP β in (20) can be separated into two parts. The first part is
which is similar to the special relativity version of the Doppler equation [20] ,
where γ h is similar to γ g in (14) but with u g replaced by u h , and ψ is the intersection angle between u h and k r2 . When r 1 , r 2 → ∞, (22) and (23) are equivalent. Furthermore, if u h c, then γ h ≈ 1 and we have
which is the conventional version of the Doppler equation. Therefore, (22) is just a gravitationally-modified Doppler equation and β 1 is called gravitationally-modified Doppler frequency shift parameter (GMDFSP). The second part is purely derived from gravitational effect, and is called gravitational frequency shift parameter (GFSP):
Thus, FSP can be rewritten as
It is clear that when β is much different from 1, ω 2 and ω 1 in (21) are much different, i.e., the signal frequency of a moving observer at r 2 and the signal frequency of a transmitter at r 1 are much different. This means that there is a large frequency shift. Since β is comprised of β 1 and β 2 , the contributions from the two parts can be considered separately. If the difference of β 1 and 1 (or β 2 and 1) is large or small, gravitationally-modified Doppler effect (or gravitational effect) is significant or negligible.
When an observer at r 2 is static, (19) comes back to (7), since u g = 0 and γ g = 1, and the FSP β in (20) is equal to β 2 and is constant. Also, when u g or ψ in (22) changes over the time τ , β 1 is a function of time τ , and when r 1 or r 2 in (25) changes over the time τ , β 2 is also a function of time τ . As a result, β in (20) and the frequency ω 2 in (21) are functions of time τ . In addition, 0 < β 1 (τ ) < ∞ since u g < c, and 0 < β 2 (τ ) < ∞ since α < r 1 and r 2 , in general. Therefore,
Equation (20) is a basic equation for calculating FSP β. It depends on parameters r 1 , u g , r 2 and cos ψ, which are related to the trajectory of a receiver. Some specific calculations of FSP β will be presented for different receiver trajectories in Section III.
III. A SIGNAL IN SCHWARZSHILD SPACETIME
After the basic principle has been established above for the FSP when an electromagnetic wave is propagating through Schwarzschild spacetime, the variation for a signal transmitted in Schwarzschild spacetime in a particular scenario is not hard to see. In this section, to be consistent with Section II, we denote the time of a transmitter at a fixed position r 1 , the time of a moving receiver at r 2 and the time at infinity as t 1 , τ and T , respectively. Without considering noise, when a single-frequency complex exponential signal e jω1t1 is transmitted at r 1 to a spaceship at r 2 , the received signal by the spaceship will be different, that is:
where ω 2 = βω 1 , and β is the FSP in (20) . A periodical signal f 1 (t 1 ) with fundamental angular frequency ω can be expanded as Fourier series:
and
Then, the received signal is
For a non-periodic signal, its fundamental angular frequency can be regarded as infinitesimal ∆ω. Then, the transmitted signal can be expanded as [21] :
Then, the recieved signal is
As ∆ω → 0, the received signal can be rewritten as
wheref 1 (ω) is the Fourier transform of f 1 (t 1 ). When β is a function of τ , the equalities above are also satisfied since 0 < β(τ ) < ∞ mentioned in the end of Section II. In general, a communication signal is bandlimited and a bandlimited signal of bandwidth B is
When it is transmitted through Schwarzschild spacetime, according to (34) , the received signal is
If β is constant, the spectrum of the received signal is broadened when β < 1, narrowed when β > 1 and kept unchanged when β = 1. If β is a function of time τ , the received signal is f 1 (β(τ )τ ). Inferred from [22] , if β(τ ) is not constant,
is a non-bandlimited signal. Thus, a bandlimited signal becomes non-bandlimited when it is transmitted through Schwarzschild spacetime. Clearly, the higher the varying rate of β(τ ) is, the higher the non-bandlimited-ness is. The contribution to the non-bandlimited-ness consists of gravitationallymodified Doppler effect and gravitational effect. If the varying rate of β 1 (τ ) (or β 2 (τ )) is large, the non-bandlimited-ness contributed by β 1 (τ ) (or β 2 (τ ) ) is significant; if it is small, the non-bandlimited-ness contributed by β 1 (τ ) (or β 2 (τ ) ) may be negligible.
A. Variation of a signal transmitted from a fixed position to a spaceship moving away from a star with a constant veloctiy Consider a spaceship with a fixed velocity u h in Newtonian time is moving away from a star, and a transmitter's position r 1 , the spaceship's position r 2 and the center of the star are at the same line as shown in Fig. 2 . Then, since θ = π/2 and ϕ = 0, from (17),
is a constant. Suppose when the time of the receiver τ = 0, T as a function of τ is zero and the spaceship begins to receive a signal from the transmitter at position r 0 . At Newtonian time T (τ ) when the time of receiver is τ , the position r 2 is
From (13) and (38),
Newtonian time T (τ ) as a function of τ can be obtained from (18) , (38) and (39): (40), GMDFSP and GFSP are, respectively,
(41)
No speed is bigger than the speed of light, i.e., u h < c. If u h c , then
where
is not far away from 1 in general, and β(τ ) can be written as
Since the studied stars are not black hole, α < r 0 , as mentioned in Section II. If α r 0 , i.e., the star is far away from being a black hole, then from (43),
and from (44),
Since
Furthermore, if u h T (τ ) r 0 , i.e., the flying distance of the spaceship during the time of communications is relatively short, then from (45),
and from (47),
where C 2 1−α/(2r 0 ). Consequently, after a signal f 1 (t 1 ) is transmitted at r 1 to the spaceship at r 2 (τ ), the received signal by the spaceship is
where C 3 C 1 /C 2 . It can be seen from [22] that if f 1 (t 1 ) is bandlimited, then f 2 (τ ) is not bandlimited anymore. Is f 1 (t 1 ) bandlimited in fractional Fourier domain [23] , [24] ? To answer this question, firstly consider a single-frequency signal
the received signal by the spaceship is
which is a chirp signal with initial frequncy C 0 ω and frequency rate C 3 ω. Therefore, f 2 (τ ) is bandlimited in the fractional Fourier domain with frequency rate C 3 ω.
is not single-frequency, then f 2 (τ ) is non-bandlimited in any fractional Fourier domain. To see this, let us consider the following signal of two single frequencies:
with ω 1 = ω 2 . Then, the received signal by the spaceship is
Notably, p 2 (τ ) and q 2 (τ ) are both chirp signals but with different frequency rates; therefore it is impossible to find a common fractional domain where both fractional Fourier transforms of p 2 (τ ) and q 2 (τ ) are bandlimited [25] . As a consequence, f 2 (τ ) is not bandlimited in fractional Fourier domain. This applies to any non-single-frequency signal.
B. Variation of a signal transmitted from a fixed position to a spaceship moving around a star with a conic trajectory
In general, when moving around a star with no extra force, a spaceship may follow a conic trajectory. Therefore, it is worthwhile calculating the change of a signal when the spaceship follows such a trajectory. There are three different kinds of trajectories: ellipse, parabola and hyperbola as shown in Fig. 3 . Whether it is elliptical, parabolic or hyperbolic depends on the mechanical energy of the spaceship which is equal to the sum of gravitational potential energy (< 0) and kinetic energy (> 0). If the mechanical energy is smaller than 0, then the trajectory is elliptical. If the mechanical energy is equal to 0, then the trajectory is parabolic. If the mechanical energy is bigger than 0, then the trajectory is hyperbolic.
Consider the transmitter's position is just a fixed position close to a star and a spaceship with the receiver aboard is moving around the star with a conic trajectory, and its radius relative to the center of the star is [26] r 2 = p/(1 + e cos ϕ),
and where p = h 2 /k 2 and e = [1 + 2h
2 is the eccentricity of the trajectory (ellipse, 0 < e < 1; parabola, e = 1; hyperbola, e > 1), and m is the mass of the spaceship. The mechanical energy E and the angular momentum h are constants based on mechanical energy conservation and angular momentum conservation, respectively, T is Newtonian time, and k 2 = GM where M is the mass of the star. If the semi-major axis a of its orbit is known, then
2 ) for 0 < e < 1,
a(e 2 − 1) for e > 1.
Combining (52) and (53), the angular velocity in Newtonian time is dϕ dT = h p 2 (1 + e cos ϕ) 2 .
The radial velocity of the spaceship relative to the center of the star in Newtonian time is
Since θ = π/2, according to (12) , (13), (52), (55) and (56),
and, (58) Then, according to (18), (52), (55) and (58),
Suppose the transmitted signal approximately propagates along straight lines. Then, since θ = π/2, in (9), let
where k is a parameter and η is the intersection angle between k r2 and the radial direction at r 2 . From Fig. 3 (b) , it is not hard to see,
According to (6) with k = k r2 and ω = ω 2 , (60) and (61),
Then, according to (57), (60), (61) and (62), cos ψ in (19) is
(64) As long as the initial value of ϕ and the values of h and p (or a and e) are given, ϕ as a function of τ can be obtained from (52) and (59). Next, it can be seen from (52), (58) and (63) that r 2 , u g and cos ψ are functions of ϕ; therefore, they are also functions of τ . Neglecting the hindrance by the star on signals, if the spaceship does not use any extra force, according to (20) , FSP as a function of τ is
are the GMDFSP and GFSP, respectively.
C. Variation of a signal transmitted from a star system to another faraway star system
Consider a signal is transmitted from a star system A to another faraway star system B and the relative velocity v h between the two stars is fixed with a magnitude v h in Newtonian time T along a fixed direction as shown in Fig.  4 . Since the two stars are far away from each other, the gravitation of one star can be neglected if the signal is much closer to the other star. When the signal is near the transmitter, the gravitational effect is almost caused by star A. When the signal is near the receiver, the gravitational effect is almost caused by star B. However, when the signal is neither near star A nor star B, the gravitation can be neglected. Therefore, the whole process can be separated into two parts: a) the signal is propagating from the transmitter's position near star A to a position which is far away from star A and star B (called the faraway position in the following) and is moving with the same velocity v h as star B; b) the signal is propagating from the faraway position to the receiver's position near star B. In the process a), it is the same as that considered in Section III-A as shown in Fig.2 . Set the parameter of the frequency shift as β a . Since the faraway position r ∞ → ∞ and the faraway position is moving away from transmitter position with velocity v h , according to (20) , if the position of transmitter is fixed, then
where α 1 = 2GM 1 /c 2 , M 1 is the mass of star A, r 1 is the radial distance of the transmitter relative to the center of star A.
In the process b), it is similar to that in Section III-B as shown in Fig. 3 (a) . Set the parameter of the frequency shift as β b . Suppose the receiver at position r 2 follows an elliptical trajectory, according to (52)
where 0 < e < 1. Let u g be the spatial velocity of the receiver in Schwarzschild spacetime, according to (58), (69) Substituting r 1 in (63) for r ∞ ,
and according to (59),
where τ is the time of the receiver and ϕ as a function of τ can be solved. It can be seen from (68), (69) and (70) that r 2 , u g and cos ψ are functions of ϕ, i.e., functions of τ . Therefore, according to (20) , β b as a function of τ is
Combining processes a) and b), the FSP of the whole process is
D. Variation of a signal transmitted from a moving position to a moving spaceship
In the above studies, a transmitter is at a fixed position. The above results can be easily extended to the case when the transmitter is in motion as follows.
A moving transmitter has its own 4-velocity and its frequency is just the projection value along its 4-velocity. Suppose the frequency of a signal that the moving transmitter at r 1 transmits is ω 1 . Then, the relation between the frequencies of a static observer at r 1 and the moving transmitter at r 1 can be obtained by using (19) with r 2 replaced by r 1 :
is the spatial wave vector at r 1 , and u 1g is the spatial velocity of the moving transmitter in Shwarzschild spacetime and u 1g is the magnitude. Then, by using (19) again without modification, i.e., the relation between the frequencies of a moving observer at r 2 and a static observer at r 1 , the frequency of a moving receiver at r 2 is k r2 )g(u 2g , u 2g ) , k r2 is the spatial wave vector at r 2 , and u 2g is the spatial velocity of the moving receiver in Shwarzschild spacetime and u 2g is the magnitude. Then,
(77) Equation (77) is extended from (19) . Similar to the three scenarios above, the specific parameters in (77) are related to the trajectories of a transmitter and a receiver.
IV. NUMERICAL EXAMPLES
In this section, we present some numerical examples to illustrate what we have studied above. The studied stars are sun-like star, white dwarf and neutron star. The mass of the sun M is approximately 1.9891×10 30 kg and its radius R is about 6.955 × 10 8 m [2] . The mass of the white dwarf is set as M and its radius as 0.9%R which is nearly the radius of the earth. The mass of the neutron star M n is set as 2.01M and its radius R n as 1.71 × 10 −5 R or 12km. All these settings are according to [27] [28] [29] [30] [31] [32] [33] [34] .
A. Spaceship moving away from a star
In this section, consider transmitting a signal at a fixed position to a spaceship with a receiver aboard moving away from the sun, a white dwarf or a neutron star as shown in Fig.  2 . u h in (37) in all examples is set as the third cosmic velocity 16.7km/s.
In the upper row of Fig. 5 , the initial distances of the receiver to the centers of the sun, the white dwarf and the neutron star, when it begins to receive signals, are 5R , 5R w and 5R n , respectively. Compared to gravitationallymodified Doppler effect , gravitational effect is negligible in the solar system since GFSP β 2 (τ ) is much close to 1 in all three cases. As β 1 (τ ) and β 2 (τ ) are both nearly constant, the non-bandlimited-ness due to gravitationally-modified Doppler effect and gravitational effect is negligible in the solar system. In contrast, when the transmitter and the receiver are both not far from the white dwarf, gravitational effect is comparable to gravitationally-modified Doppler effect and the non-bandlimited-ness contributed by gravitational effect is noticeable. When the transmitter is close to the neutron star, compared to the gravitational effect, gravitationallymodified Doppler effect can be neglected, and the frequency rate contributed by β 2 (τ ) is huge, which causes a high nonbandlimited-ness. From the lower row of Fig. 5 , whether the communications is in the solar system, the white dwarf system or the neutron star system, when the receiver is faraway, β 2 (τ ) is nearly constant (see the curves of r 2 = 500R , 500R w , 500R n ). This is because when the receiver is far away from them, the gravitation on the receiver becomes negligible. As a result, the frequency rate is very small and non-bandlimitedness of the received signal is less noticeable. Fig. 6 is to show the difference of gravitationally-modified Doppler effect β 1 (τ ) and Doppler effect (special relativity version) β 1 (τ ), and the difference of the time τ of a moving receiver and Newtonian time T . Since the gravitation in neutron star system is much higher than that in other star systems, these differences are much clearer in a neutron star system. Therefore, a neutron star system is chosen to show these differences. In the first sub-figure, it shows that gravitationally-modified Doppler effect β 1 (τ ) is more than Doppler effect β 1 (τ ) since β 1 (τ ) is closer to 1, but the difference gradually tends to be zero as the receiver is far away from the neutron star. Although the second sub-figure shows that τ is approximately linear to T , the difference between τ and T in the third sub-figure increases drastically in the beginning and then tends to be linear to T .
In Fig. 7 , to show the non-bandlimited-ness of a signal in these star systems, the FFTs of a special bandlimited signala single-frequency complex exponential signal transmitted in the solar system, the white dwarf system or the neutron star system during different time periods are calculated. In the solar system, the FFTs with and without gravitational effect are nearly the same during the same time periods. The bands with and without gravitational effect are both very narrow centering around centric frequency 10 4 Hz. In the white dwarf system, the FFTs are close to each other, but the FFT with gravitational effect has a relative translation to the left. The bands with and without gravitational effect are both very narrow while centering around a little different frequencies. In the neutron star system, when the period of time is small, the FFT with gravitational effect spans over a broad frequency band and peaks at much smaller frequency, compared with the band without gravitational effect. However, when the period of time is large, the band with gravitational effect is narrowed.
B. Spaceship moving around a star with conic trajectories
In this section, we consider transmitting a signal at a fixed position to a spaceship moving around the sun, a white dwarf or a neutron star with elliptical, parabolic or hyperbolic trajectory as shown in Fig. 3 .
From the left-hand side of Fig. 8 , compared to gravitationally-modified Doppler effect, whether the orbit is elliptical, parabolic or hyperbolic, gravitational effect and the non-bandlimited-ness contributed by gravitational effect are both negligible in the solar system. In the middle of Fig. 8 , though small, the differences of β(τ ) and β 1 (τ ) can be noticed in all trajectories around the white dwarf. Therefore, gravitational effect should be taken into account in the white 
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With the whole effect ( ( )) Fig. 9 . The FFTs of a 10 5 Hz signal when it is transmitted in the neutron star system from a position at 2Rn to another position in an elliptic trajectory with e = 0.0167 and semi-major axis a = 5Rn. The length of time is 10 3 periods about 22.3484s and the sampling rate is 2.5 times of the frequency.
dwarf system. However, the non-bandlimited-ness contributed by gravitational effect is negligible in all trajectories because of little variation of β 2 (τ ). From the right-hand side of Fig. 8 , when the spaceship moves around the neutron star, the gravitational effect is significant. The variation of β 2 (τ ) is noticeable, especially in the elliptical trajectory, and the non-bandlimited-ness contributed by gravitational effect cannot be ignored. However, the variation of β 1 (τ ) is more significant. Therefore, the non-bandlimited-ness contributed by gravitationally-modified Doppler effect is more significant.
Whether the star is the sun, the white dwarf or the neutron star, the non-bandlimited-ness is mainly contributed by gravitationally-modified Doppler effect. Furthermore, in the elliptical trajectories, when the spaceship is around the position that is closest or farthest to the transmitter (see position A and position B in Fig. 3 and Fig. 8 ), the frequency rate derived from β 1 (τ ) is high, which leads to a high non-bandlimitedness. For parabolic and hyperbolic trajectories, when the spaceship is around the closest position to the transmitter (see position C and position D in Fig. 3 and Fig. 8 ), the frequency rates are also high while they are nearly zero when the spaceship is far away from the transmitter. The levels of non-bandlimited-ness in the solar system, the white dwarf system and the neutron star system are different. Obviously, The level of non-bandlimited-ness is the highest in the neutron star system, followed by the white dwarf system. In the solar system, the non-bandlimited-ness can be neglected.
Since gravitational effect in the solar system or the white dwarf system is not significant and the variation of β 2 (τ ) is more significant in the elliptical trajectory, only the spectrum of a signal transmitted to a spaceship following an elliptical trajectory in the neutron star system is analyzed. In Fig. 9 , when only taking gravitational effect β 2 (τ ) into account, the single-frequency complex exponential signal expands over the entire frequency band, though with a rough peak which is, however, noticeably different from that of the original signal. This confirms that gravitational effect has a contribution to the non-bandlimited-ness. When only taking gravitationally-modified Doppler effect β 1 (τ ) into account, the signal also expands over the entire frequency band without any peak. The whole effect β(τ ) has the similar effect as gravitationally-modified Doppler effect, which confirms that the non-bandlimited-ness is mainly determined by gravitationally-modified Doppler effect.
C. Communications between different star systems
In this section, gravitational effect on a signal is calculated when it is transmitted from a sun-like star, a white dwarf or a neutron star system to another sun-like star, white dwarf or neutron star system as shown in Fig. 4 . The receiver moves with an elliptical trajectory. The mass and the radius of the sun-like stars are the same as the sun. Suppose the communications lasts from a few seconds to a few minutes. v h in (73) is set as 10 4 km/s.
From the left-hand side of Fig. 10 , a signal sent by intelligent species in another system comes to the solar system during a relatively short period of time. If the signal comes from a sun-like system, gravitational effect can be neglected. If the signal comes from the white dwarf system, gravitational effect is comparable to gravitationally-modified Doppler effect. If the signal comes from the neutron star system, gravitational effect is significant and gravitationally-modified Doppler shift is relatively small. However, whatever the signal source system is, the FSP β(τ ) is nearly constant during a relative small period of time. As a result, the frequency rate is nearly zero and the non-bandlimited-ness is negligible.
In the middle of Fig. 10 , a signal from a star system is transmitted to a white dwarf system. On one hand, if the source star system is a sun-like star system or a white dwarf system, gravitational effect can be simply neglected. On the other hand, if the source star is a neutron star, gravitational effect is significant, compared to gravitationally-modified Doppler effect. However, β 2 (τ ) is nearly constant and the nonband-limited contributed by gravitationally-modified Doppler effect is dominant. Therefore, neither gravitational effect nor gravitationally-modified Doppler effect can be ignore, and gravitational effect provides large frequency shift and gravitationally-modified Doppler effect provides high nonbandlimited-ness. In any case, the frequency rate is noticeable and the non-bandlimited-ness is significant.
From the right-hand side of Fig. 10 , a neutron star receives a signal from a star system. On one hand, for all three cases in the three sub-figures, gravitationally-modified Doppler effect and the non-bandlimited-ness contributed by gravitationallymodified Doppler effect are both significant. On the other hand, for all the three cases, the differences of β 2 (τ ) and 1 are all large and gravitational effect is significant, but β 2 (τ ) is nearly constant, compared to β 1 (τ ). Therefore, the non-bandlimited-ness is mainly contributed by gravitationallymodified Doppler effect.
V. CONCLUSION
In this paper, the variation of a signal in Schwarzschild spacetime was studied and a general equation for frequency shift parameter (FSP), which can be divided into gravitational FSP and gravitationally-modified Doppler FSP, was presented. In addition, rates of time of a transmitter and a receiver may be different. Based on the equation for FSP, FSP as a function of the time of a receiver was calculated for scenarios a), b), and c) as described in Abstract. In scenario a), compared to gravitationally-modified Doppler effect, gravitational effect is negligible in the solar system, comparable in a white dwarf system, and more significant in a neutron star system. The nonbandlimited-ness is only contributed by gravitational effect and is more significant in a neutron star system. Furthermore, choosing a neutron star as an example, when a receiver is close to the neutron star, the difference between gravitationallymodified Doppler effect and the special relativity version of Doppler effect, and the difference between time τ of a moving receiver and Newtonian time T are both significant. In scenario b), gravitational effect, similar to scenario a), is insignificant in the solar system, less significant in a white dwarf system and significant in a neutron star system. The non-bandlimitedness is mainly contributed by gravitationally-modified Doppler effect in all star systems, but the non-bandlimited-ness in the neutron star system cannot be neglected. In scenario c), when communications is between a sun-like star system and another sun-like star system (or a white dwarf system and another white dwarf system), gravitational effect is negligible; when it is between a white dwarf and a sun-like star, gravitational effect is insignificant if a receiver is in a white dwarf system while significant if a receiver is in a sun-like star system; when it involves a neutron star, gravitational effect cannot be ignored and is comparable to gravitationally-modified Doppler effect. In all the cases of scenario c), the non-bandlimited-ness is mainly contributed by gravitationally-modified Doppler effect.
Although in the most of this paper, the position of a transmitter was fixed, as mentioned and studied in Section III-D, all the results can be easily extended to the case when a transmitter moves. Finally, the studies in this paper may help to better understand the signal models in deep space communications.
